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\ Abstract 

We prove the removal singularity results for maps with bounded energy from the 
unit disk B of B? centered at the origin to a closed Riemannian manifold whose tension 
field is unbounded in L^{B) but satisfies the following condition: 

^- r ^ 

i \r{u)f)^ <C,{-r, 

. 2 

for some < a < 1 and for any < t < 1, where Ci is a constant independent of t. 
We will also prove that if a sequence has uniformly bounded energy and satisfies 



JBt\Bt ^ 



for some < a < 1 and for any < t < 1, where C2 is a constant independent of n and 
t, then the energy identity holds for this sequence and there will be no neck formation 
during the blow up process. 

1 Introduction 
• 5—1 ■ 

^ ■ Let (M, g) be a Riemannian manifold and (A^, h) be a Riemannian manifold without bound- 

ary. For a W^''^{M,N) map u, the energy density of u is defined by 

e{u) = ^|Vup = Trg{u*h). 

where u*h is the pullback of the metric tensor h. 

The energy functional of the mapping u is defined as 

E{u) = [ e{u)dV. 
Jm 

A map u G C^(M, N) is called a harmonic map if it is a critical point of the energy. 
By Nash embedding theorem N can be isometrically embedded into an Euclidean space 
for some positive integer K. Then (A^, h) can be viewed as a submanifold of and a 
map u G W^''^{M, N) is a map in W^''^{M, R^) whose image Hes on N . The space C^(M, A^) 
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should be understood in the same way. In this sense we have the following Euler-Lagrangian 
equation for harmonic maps 

An = ^(n)(Vn, Vn). 
The tension field of a map u, t{u), is defined by 

r(n) = An - yl(n)(Vn, Vn), 

where A is the second fundamental form of N in . So n is a harmonic map if and only 
if r(n) = 0. 

Notice that when M is a Riemann surface the functional E{u) is conformal invariant 
and harmonic maps are of special interest in this case. Consider a harmonic map n from a 
Riemann surface M to N, recall that in the fundamental paper ^S-Uj of Sacks and Uhlenbeck 
the well-known removable singularity theorem has long been established by using a class of 
piecewise smooth harmonic functions to approximate the weak harmonic map. In the paper 
[Li-Wl] . the authors gave a slightly different proof of the following removable singularity 
theorem: 



Theorem 1.1. fLi- Wljj Let B be the unit disk in B? centered at the origin. If u : B\{0} — > 
N is a Wl;l{B \ {<d],N) n W^^'^{B,N) map and u satisfies 

T{u)=geL\B,R''), 

then u may be extended to a map belonging to W'^'^{B,N). 

In this direction we will prove the following result: 

Proposition 1.2. Let B be the unit disk in centered at the origin. If 

u:B\{0}^N 

is a wf^'^{B \ {0}, A^) fl W^''^{B,N) map and u satisfies the following condition: 

if |r(n)p)l<C(ir, 

JBt\Bt * 

for some < a < 1 and for any < t < 1, where C is a constant independent of t, then 
there exists some s > 1 such that 

Vn G L^%B). 

A direct corollary of this result is the following removable singularity theorem: 

Theorem 1.3. Assume thatu £ Wf^^{B\{0},N)nW^'^{B,N) and u satisfies the following 
condition: 

|r(n)p)l<C(ir, 

Bt\Bt * 

for some < a < 1 and for any < t < 1, where C is a constant independent of t. 
Then we have 

G fl W^^P{B,N). 
i<P<Tir 



n 



2 



Consider a sequence of maps {n„} from a Riemann surface M to with uniformly 
bounded energy. It is clear that {un} converges to u weakly in W^''^{M, N) for some 
u S W^''^{M, N), but in general it may not converge strongly in W^''^{M, N) to u, and the 
falling of the strong convergence is due to the energy concentration at finite points. When 
T{un) = 0, i.e. Un are harmonic maps, Jost ([J]) and Parker ([P]) independently proved 
that the lost energy is exactly the the sum of the energy of the bubbles, recall that in the 
fundamental paper |S-Uj Sacks and Uhlenbeck proved the bubbles for such a sequence are 
harmonic spheres defined as nontrivial harmonic maps from 5^ to N. This result is called 
energy identity. Furthermore Parker ([P|) proved that there is no neck formation during 
the blow up process, i.e. there holds true the bubble tree convergence. 

For the case when t(m„) is bounded in L^, i.e. {un} is an approximated harmonic map 
sequence, the energy identity was proved in [Q] for N is a sphere and proved in [D-Tj for 
the general target manifold A^(the same result also proved by Wang |W] independently). 
In |Q-T| the authors proved that there is no neck formation during the blow up process. 
See also [Lin-Wlj . For the heat flow of harmonic maps, related results can also be found 
in |Topl| [Top2| . If the target manifold is a sphere, the energy identity and bubble tree 
convergence were proved by Fanghua Lin and Changyou Wang ( |Lin- W2] ) for sequences 
with tension fields uniform bounded in L^, for any p > 1. In fact, they proved this result 
under a scaling invariant condition which can be deduced from the uniform boundness of 
the tension field in L^. 

By virtue of Fanghua Lin and Changyou Wang's result, it is natural to ask the following 
question: 

Qestion: Let {n„ } be a sequence from a closed Riemann surface to a closed Riemannian 
manifold with tension field uniformly bounded in for some p > 1. Do the energy identity 
and bubble tree convergence results hold true during blowing up for such a sequence? 

Remark 1.4. Parker (J^ constructed a sequence from a Riemann surface whose tension 
field is uniformly bounded in , in which the energy identity fails. 

In |Li-Z| the authors proved the following theorem: 

Theorem 1.5. \Li-Z^ Let {ii„} he a sequence of maps from B to N in W'^^'^{B,N) with 
tension field T{un), where B is the unit disk of R? centered at the origin. If 

(I) \\un\\wi'-^{B)+\\'T{un)\\w^.v{B) < ^ for some p > |, 

(II) Un ^ u strongly in Wl^^{B \ {0}, N) as n ^ oo, 

then there exists a subsequence of {un} (still denoted by {un}) and some nonnegative integer 
k, such that for any i = \,...,k, there are some points x^, positive numbers r\ and a 
nonconstant harmonic sphere to^ (which is viewed as a map from R^ U {oo} N) such that 
(1) x]^ ^ 0, — > as n ^ oo; 



(2) lim„^oo(4 + ^ + ^TT^) = for any i + j; 




i=l 



(5) Neckless: the image u{B)\yi^-^Lo'^{R^) is a connected set. 
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Lemma 1.6. If t{u) satisfies 

(/ |r(n)p)l<C(ir, 
JBt\Bt ^ 

for some < a < 1 and for any < t < 1, where C is a constant independent of t, then 
t{u) is hounded in U'[B) for some p > |. 

Proof. 
hence 

/ \Tiu)\P < C^(2-'=)2-". 
•^^ k=i 

When < a < |, we can choose some p > | such that 2—p—ap > and so X]fcli(2~'^)^~^~"^ — 
C, which imphes that t{u) is bounded in L^{B) for some p > |. 

Thus theorem 11.51 holds true for sequences {n„} satisfying the foHowing conditions 

(I) ||Mn||vKi'2(_B) ^ ^ aiid (/g \^ l''"('"n)P)^ ^ C'(j)", for somc < a < | and for any 

t\ t 

< t < 1, where C is independent of n, t; 

1 2 

(II) Un ^ u strongly in W^J^ \ {0}, A^) as n — > oo. 

With the help of this observation, we find the following theorem: 

Theorem 1.7. Let {un} be a sequence of maps from B to N in W^''^{B, N) with tension 
field T{un), where B is the unit disk of B? centered at the origin. If 

(I) ||n„||yi/i,2(5) < A and 

(/ \r{un)?)'^<C{-)\ 

JBt\Bt t 

for some < a < 1 and for any < t < 1, where C is independent of n, t, 

(II) Un ^ u strongly in Wl^^{B \ {0}, A^) as n ^ oo, 

then there exists a subsequence of {un} (still denote it by {un}) and some nonnegative integer 
k, such that for any i = l,...,k, there are some points x'^, positive numbers rjj and a 
nonconstant harmonic sphere uj"^ (which is viewed as a map from B? U {oo} N) such that 

(1) x\^ Q, rjj — > as n ^ oo; 

(2) lim„^oo(^ + ^ + 4t^) = for any i + j; 

(3) Lif is the weak limit or strong limit o/u„(x^ + r^x) in wl^^{B^,N); 

(4) Energy identity: 

k 

lim E{un, B) = E{u, -B) + V E{uj\ R^). 

i=l 

(5) Neckless: the image u{B) [j'^^^ co'^ [R'^) is a connected set. 
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Remark 1.8. When 

(/ !rK)p)l<c(ir, 

JBt\Bt * 

for some < a < 1 and for any < t < 1, where C is independent of n, t, we can deduce 
that T{un) is uniformly bounded in L'P{B) for any p < and when a ^ 1, p — )• 1. Hence 
our condition is stronger than the condition that the tension field is bounded in , for 
some p > 1, and this result suggests that we probably have a positive answer to the question 
on page 3. 

This paper is organized as follows: In section 2 we will quote and prove results which will 
be important in the following sections. In section 3 we will prove the removable singularity 
result and the last theorem, theorem 11.71 will be proved in section 4. 

Throughout this paper, without illustration the letter C will denote positive constants 
varying from line to line, and we do not always distinguish sequences and its subsequences. 

Acknowledgement I would like to thank Professor Guofang Wang for pointing out 
many typing errors and I also appreciate Professor Youde Wang for bringing my attention 
to the paper [Li-Wlj . My interest in this kind of problem beg given by Professor 

Yuxiang Li at Tinghua university, and I had many useful discussions with him . 

2 The e-regularity lemma and the Pohozeav inequahty 

In this section we give the well known small energy regularity lemma for approximated har- 
monic maps and a version of Pohozeav inequality, which will be important in the following 
sections. We assume that the disk B E? \s the unit disk centered at the origin, which 
has the standard flat metric. 

Lemma 2.1. Suppose that u G W'^''^{B,N) and t{u) = 5 € L'^{B, R^), then there exists 
an eq > such that if |Viip < eg, we have 

\\u - u\\w2,2(^Bi) < C{\\Vu\\l2(^b) + hh^B))- (2-1) 

Here u is the mean value of u over Bi . 

2 

Proof. We can find a complete proof of this lemma in |D-T| . □ 

Using the standard elliptic estimates and the embedding theorems we can derive from 
the above lemma that 

Corollary 2.2. Under the assumptions of proposition HOI we have 

Oscb^,\b,u < C{\\S/u\\L2(Bi^\Br) + r\\g\\mB,r\Br)) < C{\\S/u\\L2(B4r\Br) + r^'l- (2.2) 

In order to prove proposition [T21 we need the following Pohozeav inequality 

Lemma 2.3. Under the assumptions of proposition HOI for < t2 < ti < 1, there holds 
true that 
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Proof. Multiplying the both sides of the equation t{u) = g hy r^, we get 

f du f du 

/ "^TT = / r—g. 



By integral by parts we get 

Jbu \Bto dr 



A udx = f r| 



Bt,\Bt2 d^ Jd{Bt,\Bt^) dr JBt,\Bt, 



and 



/ Vir—)Vudx = I Vix^—r)Vudx 

JB,,\Bt, dr JBt,\Bt, dx" 

/ |Vnp+ / / - — \Vu\^rdedr 

JBtABt,, J to. Jo '^dr 



'Bt^\Bt,^ Jt2 JO 

,Vnp + - / |Vn[V - / |Vup 

Bt-^\Bt2 J d{Bt^\Bt2) JBt^XBt, 



^2 



- / iVupr. 



2 Jd{Bt^\Bt.,) 

Clearly it implies the conclusion of the lemma. □ 



By the above lemma, we can deduce that 
Corollary 2.4. Under the assumptions of proposition rO|, we have 
d f ,du.r, 1, 

'BtXBt 



dt 



f ,dU,r, 1_ ,5 II 



2 



Proof. In the previous lemma, let = t, t2 = |) then there holds true 

< \\9\\LHBt\Bt)\\^^\\L^iBt\Bt) 

1. 1. 

< C\\VuU2(^B,\B,)t-\ 



A direct corollary of the above conclusion is the following 
Corollary 2.5. Under the assumptions of proposition rO|. we can get that 

.du.o 1 

'Bt\Bt 



□ 



/ I^I'-^|v-P^c^I|v.||lW^~^ (2-4) 

JBt\Bt ^ 

Proof. Integrating from to t over the both sides of the inequality of the above corollary, 
and noting that ||V«||i2(^^\5j ) < || Vu||j;^2(5j), for any s < i, we get this inequality directly. 
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3 Removable of singularities 

In this section we will discuss the issues on the removable of singularities of a class of 
approximated harmonic maps from the unit disk of centered at the origin to a closed 
Riemannian manifold A^. 

Lemma 3.1. Assume that u satisfies the assumptions of proposition \1.S\ then there are 
constants A > 0, C > 0, such that the following holds true 



for r small enough. 

Proof. Because we only need to prove the lemma for r is small, we can assume that 
E{u,B) < eo- Let u*(r) : (0, 1) — )• be a curve defined as follows 




(3.1) 




Then 



du* 
dr 




On the one hand, we have 




where in the above second inequality we have used (I2.4p . 
Summing k from to infinity we get 




On the other hand, we have 



VnV(u -u*) = - 



(n 



u*)Au 
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Hence by summing k from to infinity we get 

'^2-fct\-^2-fc-lt 



CO „ 

/ VuV{u-u*) < ^\\u-u*\\l^^b^_^^\b^_^_^^)[\\A\\loo 

JBt f.^Q JB,^ 



JdBt or 

< e I \Vu\^ + Ct^~-+ f ^{u-u*), 
JBt JdBt dr 

note that here we have used corollary 12.21 and we let e small by letting t small. 
Note that 



dBt dr JdBt or jQBt 



'dBt 

Combining the two sides of inequalities and let e small(we can do this by letting t small), 
we conclude that there is a A which is a positive constant smaller than one such that 



A / |Vu|2 <t [ |Vn[2 + Cti 

JBt JdBt 

Now denote f{t) = J^^ |Vnp, then we get the following ordinary differential inequality 

Note that we can let A small enough such that A + a < 1 , thus we can get that 
f{t) = / |Vu|^ < Ct'^, for t small enough. 

JBt 



□ 



Now we are in a position to give a complete proof of proposition II. 2i Let r^ = 2 ^ and 

Ukix) = u{rkx), then 



(/ |Vr;fcp^)2i < C\\vk-v-k\ 

JB2\Bi 

< if |V^,|2)i+C(/ r^|r|^)t. 

JB4\Bi JBirABl^ 



IVl/2>2(B2\Bl) 

„2|_|2^ 



'B,\B, JB„.,\1 

Therefore we deduce that 

/ \Vvk\'' < C{[ \Vvk\'r + C{[ rl\r\') 

JB2\Bi JB4\Bi JSirABi 

2 5 fc 



< C{[ \Vv,\y + Crf('-\ 

JBi\Bi 
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Note that when k is large enough, there holds true 

/ |Vup < 1. 

JB4r^\B 

Hence we have that 



k \-° "^fc 

" "2- 



< C / |Vn|2 + Crf(^-"). 

JBir,^\Br^^ 

-3- 



This implies that 

Now choose s > 1 such that 2s — 2 < ^ and 2 — 2sa > 0. There exists a positive integer /cq 
such that when k > kQ there holds true 



Jb- 



JB^_k+i\B^_k 



-k{2-2sa)\ 



Therefore 

» 00 

/ IV'Up'^ < C J]](2^'= + 2-^(2-2sa))) < 

for any r < 2"'^"+^, and this completes the proof of proposition 11.21 
Proof of theorem 11.31 Note that 



r{u)r < C{2-'f~^{ |r(n)p)f 

-Bj-fcVSj-fc-i J B^_^^\B^_k_i 

< c'(2-'=)2-p-p«. 



Hence we can deduce from this by summing k from to infinity that 

/ \r{u)r<C for p < 
Jb 1 + a 

Recall that we have proved that Vn G Lp'^[B) for some s > 1, hence we can deduce that 

i<P<Tir 

by standard elliptic estimates and the bootstrap argument. □ 
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4 The bubble tree structure 

4.1 Energy identity 

Assume that {un} is a sequence which is uniformly bounded in W^''^{B, N) and satisfies 



(/ 

•JBt\Bt 



rK)P)^<C(lr, 



t 

2 



for some < a < 1 and for any < t < 1, where C is a constant independent of n and t. 

In this section, we will prove the energy identity for this sequence and for convenience 
wc will assume that there is only one bubble co which is the strong limit of Un{rn-) in 



loc 

Because 



lim 

n— ^oo 



and 



/ iVunP = lim / iVunP + hm / iVunP + lim / iVur, 

Jb ''-^^JbXBs ''-'^JBsXBnrr, ""^^ J Barn 

lim lim / |V?x„p = / |Vnp, 
^^^1^-^°° Jb\Bs Jb 

lim lim / |Vn„p = / |Va;p, 



hence to prove the energy identity we only need to prove that 

lim lim lim / jV^Unp = 0. (4.1) 

R-^oo 5-^-0 n->oo J Bs\BRrn 

At first we note that under the assumption of only one bubble we can deduce by a 
standard blow up argument the following 

Lemma 4.1. For any e > 0, there exist R and 5 such that 

Br 

|V?x„p<e^ for any Xe{^,26). (4.2) 



B2x\Bx 



Now we have been prepared to prove the energy identity. The proof is a little similar 
with the proof in the previous section. We assume that S = 2"*"i?r„ where m„ is a positive 
integer. 

On the one hand, we have 



(IVUnl ' ' ^ 



> I [ |Vt.„p-C(2'=i?r„)i-«. 

This implies that 

f VUnViUn - <) > ^ / \VUn\^ - CS^'". 

•'Bs\BRrn JBi\Brt.^ 
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On the other hand, we have that 

/ VUnV(u„ - 1i* ) = - / {Un - U*n)/^Un 

, f dUn, 

+ / ^K-^^j 

J^{B^'^Rr^B^k-^RrJ "^"^ 

We deduce from the above by summing from 1 to rUn that 

+ C{2^Rrn)'-'']+ [ ^K-<) 
Jd{Bs\BRrJ or 

<e[ \Vun\^ + C5^--+ I ^^un-ul). 

JBs\BRr„ Jd{Bs\BRrJ or 

Comparing with the two sides we get that 

(1 - 2e) / < CS'-" + 2 [ - <). 

Jbs\Br,^ JdiBs\BR,j or 

As for the boundary terms, we have 



JdBs Or Jqbs Or jQBg 



nl / 



2 

By trace embedding theorem, we have 



r2 /•27r 

/ \Vunfd9. 
Jo 



/ \VUn{.,S)\''dde = / |V«„(.,(5)|'dS5 

JO JdBs 

< C6\\VUn\\'^i,2(B3s\B 



2 

. s) 

"2" 5 

< C5\\Un - Un\\w2,2(^B3s\Bs) 
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for 6 small. Prom this we deduce that 

-a) 



Similarly we get 



/ ^iun-K)<CXRr^f('-'^\ 
for n big enough. Therefore 

(1 - 2e) f iVunp < 06^-" + C(52(i-a) ^ (^^^^^ 

Clearly this implies that 



lim lim lim / |Vtx„P = 0, (4.3) 

which completes the proof of the energy identity. □ 



4.2 Neckless 

In this part we will prove that there is no neck between the base map u and the bubble oj, 
i.e. the compactness of the sequence modulo bubbles. 
We only need to prove the following 

lim lim lim Oscb,\d„ Un = 0. (4.4) 

Again we assume that 6 = 2'""ii!r„ and let Q{t) = -B2*+*oiir„ \-^2*o-*_Rrn' similarly to the 
proof of the previous part we can get 

(l-2e) / |Vu„|2 < 2''+'°Rrn [ |Vti„p + 2*o-^i?r„ / |Vtx„p 

+ C(2'=+*»i2r„)^-^ 
Denote f{t) = Jq^^^ \ Vun\'^, then we have that 

(l-26)/(t) < (l-26)/(fe + l) 

- l^/'(fc+l) + ^(2'+*°^^n)'-", 

for A; < t < A; + 1. 
Note that 

f'{k+i)-f'{t) = [ ^e««-<)+/ ^( 

< C(2*+*oii:rn)2(^-»). 
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Then we have 



(1 - 2e)/(t) < ^f'it) + C(2*+*oi2r„)i-«. (4.5) 



In virtue of the above inequahty we get 



(2-(i-2€)t j^^^y = 2-(i-2^)V'(t) - (1 - 2e)2-(i-2^)*/(i) log 2 
> -C2(^-"-(^-2'»*(2*oii:r„)^-". 



Integrating this from 1 to L we get 

2-(i-26)Ly.(^) _ 2-(i-26)y(^) > -C 2(^-"-(^-2'))*(2*°ii;r„)^-" 

2(l-a-(l-2e))t 

= - %2(l-a-(l-2.)) l'P''^'-°)"° 

> -C(2*"iir„)^-". 

Therefore we have that 

/(I) < /(L)2-(i-2^)(^-i) + (7(2*0 i?r„)i-«. (4.6) 
Now let to = i and Z)j = 52»+iiir-„ \ -^2*iJr„! then we have 

/(I) = / |v«„p, 

and equahty will hold true for L satisfying 

Q{L) Q Bs\ = B2mnRr„ \ Bjim- 

In other words L should satisfy 

(1) i - L > 0; 

(2) i + L < Mn. 
If 

(I) i < \mn, let L = z and so 

/(I) = / iVunp < CE\un, Bs \ 5fl,j2-(i-2^)^ + C(2^i?r„)^-»; 

(II) i > ^run, let L = m„ — z and so 

/(I) = / |Vu„p < CS2(n„,i?A^i?rj2-(i-2e)(m„-0 ^^(2*^r„)i-«. 

Hence we have 



Y,E{un,Di) < CE{un,Bs\BRrJi Yl 2"*^+ Yl 2-(-»-*)^) + c5](2*it;r„ 



2 

l-a 



< C£;(u„,B5\Sfl,j + C(5^ 



13 



Thus we get 

rrin 
1=1 

< CE{Un,Bs\BRrJ + Cd^. 

Clearly the above inequality implies that 

lim lim lim Oscrar^ Un = 0, 

which completes the proof of the Neckless. □ 
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